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Avalanche dynamics in model two-dimensional grain piles
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We report particle dynamical simulations of a two-dimensional grain pile in a box with the base being
slowly tilted from horizontal toQaval angle at which the pile undergoes a large layer sliding event. When
dissipation between the grains is negligible, the distributionD(s) of displacementss of the surface grains
shows decays that are consistent withs2t with t'2 for 0,Q,Qaval. At time t.taval at Qaval we find a
crossover int to t'3/2. Dissipation appears to play a key role in the system dynamics only whenQ,Qaval.
We find that the time for the onset of avalanches,taval>tW , wheretW is the time when the surface roughness
of the sliding pile is minimized.@S1063-651X~97!04511-X#

PACS number~s!: 47.20.Dr, 64.60.Ht, 46.10.1z, 47.20.Ky
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The dynamical behavior of dry granular materials such
sand, gravel, salt, and the like have fascinated scientists
engineers for more than two centuries@1,2#. This fascination
has in turn resulted in significant progress in the understa
ing of the packing of granular materials and in describ
flowing granular systems@2,3#. However, much remains to
be learned about the detailed dynamical processes tha
responsible for the onset of instabilities in these materials
this paper we report on the dynamics of a granular sys
near the onset of instabilities~i.e., near a ‘‘critical point’’!
and the associated crossover behavior exhibited by the
tem. One would expect that the dynamical behavior exh
ited in the vicinity of a critical point will be independent o
the details of the interactions between the grains, and
only the minimal essential properties will contribute to
critical behavior. The key results in this work confirm th
expectation. Although the dynamics near the instability
pend quite strongly on the details of the interactions and
dissipations used~e.g., restitution, see models A and B b
low!, we find that the fluctuations in the system domina
these details at the point of instability.

For the sake of simplicity, we consider two-dimension
~2D! models consisting of granular disks. We study the d
namics in two different model systems at minimal and
significant magnitudes of the restitution coefficient. We st
with a triangular lattice of granular disks that have be
placed in a horizontally oriented rectangular box. The box
tilted infinitesimally slowly ~i.e., ‘‘adiabatically’’! until a
characteristic threshold angle,Qaval, is reached. We find tha
in general, under adiabatic tilting conditions, the magnitu
of Qaval and the details of the dynamical process of onse
sliding of the surface layer grains at tilts belowQaval depend
upon the interactions and the strength of dissipation.
have ignored the presence of static friction and hence
rotation of the disks in this analysis. One would expect t
the rotation of the grains will affect the dynamical behav
of the surface of the grain pile at subcritical tilt angles. T
effects of rotation will be addressed in a separate study.

However, our calculations reveal that in the vicinity
Qaval, dissipation has marginal influence on the system
namics. We find that atQaval, the upper layers of the pile
become unstable, which, in turn, leads to a large layer slid
561063-651X/97/56~5!/5759~5!/$10.00
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event or an avalanche. A ‘‘back of the envelope’’ calculati
of the importance of rotation of the grains atQaval reveals
that v;103/sec for rotational kinetic energies to be comp
rable to translational kinetic energies@4# at the start of layer
sliding for millimeter sized grains of mass 1021 g at terres-
trial gravity. Thus, we contend that the avalanche dynam
at criticality is not significantly affected by ignoring grai
rotation. As we shall see, the impressive agreement betw
our results, which are obtained without accounting for gr
rotation, versus those from the available experiments s
ports our contention. The avalanche occurs after a timetaval
has elapsed since the system has been adiabatically rais
Qaval. The focus of this article is to understand the proces
that determineQaval and taval.

Our studies on model 2D grain piles lead to results t
compare favorably with available experimental data on
granular systems at the verge of a layer sliding event@5#. In
closing, we comment briefly on the correspondence betw
the data in 2D and 3D systems and make specific predict
concerningtaval that may be experimentally tested.

System Preparation.We start with a triangular lattice in a
rectangular box with 4 layers and 298, 300, 298, and 3
grains in the layers when counted from the surface. In ad
tion, we impose a corrugation potential upon which t
fourth layer is registered at zero tilt. This potential a
equately mimics the effects of the immobile deeper layers
the pile @4#. The system is subjected to a gravitational fie
The box is first kept at zero tilt~i.e., with its base parallel to
the horizon! and is progressively tilted in steps of 1°. At eac
tilt, the system is allowed to evolve in time until dissipatio
arrests all granular motion. This process is repeated u
Qaval is found, at which a major layer sliding event occu
The time evolution of the surface region of the system
affected by static friction at short times. Static friction, a
hence rotational effects, weakly affect the surface dynam
near the onset of avalanches when the translational kin
energies of grains dominate the contributions to the ro
tional kinetic energies@4#. Thus, for the sake of simplicity
we ignore the effects of grain rotation in this study. As w
shall see, our results on the distances traveled by the grai
finite tilts compare favorably with experiments and hen
5759 © 1997 The American Physical Society
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5760 56SURAJIT SEN AND SOMNATH PAL
support our assumption. We discuss below the details of
interactions and the dissipations in the two sets of mod
that we study.

(A) Model with minimal dissipation.In our first study we
consider disks that repel via a hard-core-like poten
V(urW i j u) ~urW i j u[urW i2rW j u, rW i[$xi ,yi%!, and are subjected to
the external gravitational field described byV(r i!. The sys-
tem is therefore described by a total potent
V5V(urW i j u)1V(r i) @4#, where

V~ urW i j u!5
e

126/e H 6

a
expFaS 12

urW i j u
s D G2S s

urW i j u
D 6J 1e,

V~r i !5mgyi . ~1!

We sete52.969731024 kg m/s2, a555 ~strong repulsive
core!, m54.431024 kg, ands52r , where r 51023 m is
the radius of each uncompressed grain. The second equ
above describes the gravitational potential energy of e
grain,yi being the height of the graini with respect to some
chosen zero of the potential energy.

We include energy dissipation in our analysis of modeA
@4#. The dissipation enters through the dynamics of th
grains that collide with the walls of the box and lose a fra
tion h of their kinetic energies@4#. In this form of dissipa-
tion, the energy is lost slowly in time when compared to t
typical time scale of granular motion. The slow energy lo
prevents the system from melting and eventually freezes
a disordered state. We denote the dissipation forces

LW (h,rW i) in the equations of motion for the grains in mod
A. Therefore,

mrẄ i52H ¹W iF(
j

V~ urW i j u!1V~r i !G1LW ~h,rW i !J . ~2!

We ignore the effects of restitution in modelA. We shall
return to the role of restitution in avalanche dynamics wh
we consider modelB below, which will possess a more re
alistic form of V(urW i j u).

We integrate the system of equations in Eq.~3! using a
‘‘velocity Verlet algorithm’’ @6#. Due to the short interaction
range of the potential and the significant influence of grav
on the grains, we find that a very small integration time st
Dt'1027 sec, is necessary for dynamical studies. The s
tem is time integrated typically up totmax'1 sec at each tilt.
We have studied the process of onset of avalanches for
cases of Eq.~3!. One with h50.95 and the other with
h50.50. Our results are summarized below.

We note that at finite tilts, the surface of a grain p
resembles a rugged terrain, i.e., a highly aperiodic surfa
Let s denote the distance traveled by a grain at some tilQ
and letD(s) describe the number of grains that travels at
that tilt. We expect that at larges, D(s) will decay ins. The
profile of the surface suggests that we should search fo
algebraic decay inD(s), say of the form

D~s!;s2t, t.0, s@r . ~3!

From our simulations, we find that at 6,Q,Qaval, t'2. It
becomes progressively difficult to accurately estimatet from
the simulations forQ,6°.
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The behavior ofD(s) versuss at Q514° is shown in Fig.
1~a!. In this simulation we choseh50.95. Figure 1~a! sug-
gests that at short enough times after the pile has been ti
the surface layer tends to establish registry with the la
below by undergoing collective motion of the grains ov
small length scales. This explains the large peak inD(s) at
s0 at short times. The magnitude ofs0 increases somewhat i
time and is a function ofQ. It may be noted that very simila
observations were made by Bretzet al. @5#.

As Q→Qaval, the system grains at the surface under
larger length scale motion to release the excess potentia
ergy they have gained during the incremental tilt. This
turn results in less motion at small length scales and sign

FIG. 1. ~a! Behavior ofD(s) vs s ~in units of 1.6r ! at different
times ~in units of t050.0125 sec.! at Q514° for modelA ~see
text!; ~b! we assumeD(s)5a1 b/(s2s0)t for larges. Here, for a
given Q, a is a constant andb depends on time. The data sho
D(s) decays as (s2s0)2t at Q514°; ~c! D(s) at Qaval517° at
t,taval and att>taval.
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56 5761AVALANCHE DYNAMICS IN MODEL TWO-DIMENSIONA L . . .
cant motion at larger length scales at late times@Figs. 1~a!
and 1~b!#. D(s) versuss is shown in a log-log plot in Fig.
1~b! and yields a slope of

t52.160.2, Q<Qaval. ~4!

After the tilt is adiabatically raised by several degrees
turns out that we reachQaval517°. We found that at shor
times t continues to be at the same value as before. H
ever, upon waiting sufficiently long, a layer sliding eve
commences at some timetaval. For t.taval, t suffers a cross-
over to a slope

t51.4560.11, Q5Qaval, t.taval. ~5!

The properties ofD(s) described above were found in all th
2D systems we studied, which can be described under m
A.

The range over which we found the scaling behavior
scribed above is small. To extend the range ins without
considering larger systems we probed a model A system
h50.5. The smallerh in this study allowed for more motion
of the surface grains and hence for an improved range ac
which the scaling behavior oft could be seen. In this stud
we found an exponentt51.9860.06 at t,taval and a
t51.4860.08 immediately after the commencement of t
avalanche. Our simulations suggest that for sufficiently h
Q ~typically, Q.6° or so! in systems with small dissipatio
~such as energy dissipation that occurs slowly through
walls!, t'2 for Q,Qaval and thatt'1.5 whenQ5Qaval.

Since the avalanche occurs a characteristic time after
system is raised toQaval, we hypothesized that the roughne
W of the system is minimized at sometW and thattW,taval,
i.e., the time in whichtaval commences atQaval. We charac-
terized the dynamically evolving roughness of the system

W~ t ![(
i 51

N8

AŠ@h~rW i ,t !2^h&#2
‹, ~6!

with

^h&[
1

D E
0

D

dt8
1

N8 (
i 51

N8

h~rWr i ,t8!, ~7!

whereh(rW i ,t) is the height of a grain at locationrW i and at
time t with respect to the base of the box andN8 (;900) is
the number of grains that lie in the ‘‘bulk’’ region of th
grain pile, i.e., which are unaffected by the boundaries.^h&
above is constructed by averaging over the grain position
10 distinct ‘‘snapshots’’ of the system taken across u
formly spaced time intervals over a time windowD.

We expect that

dW~ t !/dt50, d2W~ t !/dt2.0, ~8!

at some timetW at Qaval, i.e., at timetW , the surface pos-
sesses the minimum roughness. The timetaval at which the
avalanche commences should then equal or should
slightly larger thantW . Our results are consistent with th
expectation. We find thatW(t) reaches a minimum betwee
t'0.05 sec and 0.075 sec~see Fig. 2! at Q5Qaval517°.
From Fig. 2, which represents data accumulated over a
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riod of time ~rather than instantaneous data!, we conclude
that the avalanche commences after 0.05 sec and be
0.075 sec. We shall show below that similar conclusions
reached with different potentials and dissipation mec
nisms.

(B) Modeling the role of restitution.A standard way to
model a granular system is by using the Hertzian contact
in which two particlesi and j interact only if they are in
contact in the manner described below@7#. If urW i j u is the
distance between the centers of nearest neighbor parti
then the force on particlei exerted by particlej is given as

FW i j 5Fn,i j n̂1Fs,i j ŝ. Here n̂ is the component of the force
along the line joining the centers of the two nearest neigh
grains andŝ is orthogonal ton̂. We neglect the shear com
ponent of the force, i.e.,Fs,i j . The presence of this term
introduces static fiction.Fn,i j is responsible for velocity de
pendent dissipation and is included in our study. Thus,
consider

Fn,i n̂5F (
j ~ j . i !

kn~s2urW i j u!3/2n̂2(
j

fW i j ,dissG2mgW 2LW ~h,rW i !,

~9!

kn50 if s,urW i j u, where the first term on the right hand sid
is the Hertzian repulsion due to the deformation of the gra
@7#. The constantkn is set to 106 N/m3/2. The second term on
the right in Eq.~10! is the velocity dependent friction. We

shall assume a simple form forfW i j ,diss given as

u fW i j ,dissu5
gnm

2
u~@rẆ i2rẆ j #•n̂!u, ~10!

where m is the mass of each grain, andgn is a damping
constant. We have studied modelB for gn50 and find that
our results fort are identical to those from modelA. gn can
be approximately related to the coefficient of restitutione
(0<e<1) via the relation@8#

gn'2 ln e/Ap21 ln2 e. ~11!

In our study we chose an effective coefficient of restituti
of 0.75.

FIG. 2. Plot of roughnessW(t) vs t at Q58, 14 and and at
Qaval517°. The open circles indicate the development of a mini
at taval.
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We find that for modelB at Q,Qaval, the dynamics of
the system is very different compared to that
Qaval2Q→0. The value oft at a high but subcritical angle
of Q517°, for example, is 3.560.2, which far exceeds
t'2 found at a comparable subcritical angle in modelA @see
Fig. 3~a!#. Our calculations showt51.9660.05 att,taval at

FIG. 3. ~a! Plot of D(s) vs s ~in units of 2.0r ! at Q517° in
model B; ~b! D(s) at Qaval518° using modelB. Note that dissi-
pation plays no significant role atQaval; ~c! W(t) versus t at
Q517° and atQaval518 deg.
t

Qaval518 deg in modelB. We also find thatt crosses over to
t51.4860.06 att'taval at Qaval518 deg@Fig. 3~b!#.

It is instructive to do some simple analysis to understa
the crossover behavior int as an avalanche commences@9#.
Let us consider a staircase of blocks that can topple upon
slightest perturbation. LetL be the linear dimension of the
system andD(s,L) be the probability that adding a block a
random causess topplings ~distance unit51! before a new
stable configuration is reached. Also, on average, one b
leaves a pile as a result of adding a block. In this critic
state, adding a grain results in structural rearrangemen
least of the order of system size~layer flow!. Let us further
assume that in this critical state, the average number of
plings undergone by a labeled grain before it leaves the
tem, a global quantity, equals the average number of t
plings caused per added grain, a local quantity. Let t
number besm . In the critical state, it is reasonable to assum
that sm;L. Then the first moment ofD(s,L),

M1[(
s50

L

sD~s,L !>kL, k.0. ~12!

If we let L→`, thenM1→`. If we suppose thatD(s,`) in
this disordered system has an algebraic tail, i.e.,

D~s,`!→1/s11a, ~13!

for larges, then

a,1, M1→`. ~14!

Indeed, mean field theory calculations show thatt53/2 @10#,
which is exactly what our calculations on the model syst
give for t when layer sliding begins. WhenM1,`, t>2.0.
This leads to

D~s,L !;1/s11a, a.1 ~15!

for large s, consistent with our findings and those in th
experiments in@5#.

Given that the gravitational field plays a dominant role
dictating the system dynamics and that the grains inte
only upon contact it is not surprising that our results for 2
systems are consistent with the available experimental
on monodisperse 3D grain piles. Finally, based upon
calculations, we predict that the time of onset of an a
lanchetaval in adiabatically tilted grain piles is bounded from
below by the time at which the surface of the grainpile is
its smoothest.
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