PHYSICAL REVIEW E VOLUME 56, NUMBER 5 NOVEMBER 1997

Avalanche dynamics in model two-dimensional grain piles
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We report particle dynamical simulations of a two-dimensional grain pile in a box with the base being
slowly tilted from horizontal t0® ,,, angle at which the pile undergoes a large layer sliding event. When
dissipation between the grains is negligible, the distribufiys) of displacements of the surface grains
shows decays that are consistent wath™ with 7=~2 for 0<@ <0 ,,,. At time t>t,, at 0,,, we find a
crossover inrto 7~ 3/2. Dissipation appears to play a key role in the system dynamics only @ke@ .

We find that the time for the onset of avalanchgg,=t\,, wheret,, is the time when the surface roughness
of the sliding pile is minimized[S1063-651X97)04511-X]

PACS numbg(s): 47.20.Dr, 64.60.Ht, 46.18.z, 47.20.Ky

The dynamical behavior of dry granular materials such agvent or an avalanche. A “back of the envelope” calculation
sand, gravel, salt, and the like have fascinated scientists araf the importance of rotation of the grains @t reveals
engineers for more than two centur{ds2]. This fascination that w~ 10%/sec for rotational kinetic energies to be compa-
has in turn resulted in significant progress in the understandable to translational kinetic energip$] at the start of layer
ing of the packing of granular materials and in describingsliding for millimeter sized grains of mass 19g at terres-
flowing granular systemg2,3]. However, much remains to trial gravity. Thus, we contend that the avalanche dynamics
be learned about the detailed dynamical processes that ag criticality is not significantly affected by ignoring grain
responsible for the onset of instabilities in these materials. Inotation. As we shall see, the impressive agreement between
this paper we report on the dynamics of a granular systeraur results, which are obtained without accounting for grain
near the onset of instabilitieg.e., near a “critical point)  rotation, versus those from the available experiments sup-
and the associated crossover behavior exhibited by the syports our contention. The avalanche occurs after a tipg
tem. One would expect that the dynamical behavior exhibhas elapsed since the system has been adiabatically raised to
ited in the vicinity of a critical point will be independent of @,,. The focus of this article is to understand the processes
the details of the interactions between the grains, and thahat determined ,,, andt,q.
only the minimal essential properties will contribute to its  Our studies on model 2D grain piles lead to results that
critical behavior. The key results in this work confirm this compare favorably with available experimental data on 3D
expectation. Although the dynamics near the instability degranular systems at the verge of a layer sliding eyBhtIn
pend quite strongly on the details of the interactions and thglosing, we comment briefly on the correspondence between
dissipations usede.g., restitution, see models A and B be- the data in 2D and 3D systems and make specific predictions
low), we find that the fluctuations in the system dominateconcerningtaval that may be experimenta”y tested.
these details at the point of instability. System PreparationWe start with a triangular lattice in a

For the sake of simplicity, we consider two-dimensionalrectangmar box with 4 layers and 298, 300, 298, and 300

(2D) models consisting of granular disks. We study the dy-grains in the layers when counted from the surface. In addi-
namics in two different model systems at minimal and atjon e impose a corrugation potential upon which the

significant magnitudes of the restitution coefficient. We stark, .+ layer is registered at zero tilt. This potential ad-

with a triangular lattice of granular disks that have bee.nequately mimics the effects of the immobile deeper layers in

placed in a horizontally oriented rectangular box. The box i$he pile[4]. The system is subjected to a gravitational field.

tilted infinitesimally slowly (i.e., “adiabatically”) until a S o g
_— . X The box is first kept at zero tilt.e., with its base parallel to
characteristic threshold angl®,,, is reached. We find that the horizon and is progressively tilted in steps of 1°. At each

in general, under adiabatic tilting conditions, the magnitude. . o i
of ®,,, and the details of the dynamical process of onset of'lt’ the system is alloweq to evqlve In time yntll dISSIpatIOI’l.
sliding of the surface layer grains at tilts beldy, . depend arrest.s all granular .motlon. Thls process is repeated until
upon the interactions and the strength of dissipation. Weaval IS found, at which a major layer sliding event occurs.
have ignored the presence of static friction and hence of N€ time evolution of the surface region of the system is
rotation of the disks in this analysis. One would expect thagffected by_statlc friction at short times. Static friction, an_d
the rotation of the grains will affect the dynamical behaviorhence rotational effects, weakly affect the surface dynamics
of the surface of the grain pile at subcritical tilt angles. Thenear the onset of avalanches when the translational kinetic
effects of rotation will be addressed in a separate study. €nergies of grains dominate the contributions to the rota-
However, our calculations reveal that in the vicinity of tional kinetic energie$4]. Thus, for the sake of simplicity,

O 4a dissipation has marginal influence on the system dywe ignore the effects of grain rotation in this study. As we
namics. We find that a®,,,, the upper layers of the pile shall see, our results on the distances traveled by the grains at
become unstable, which, in turn, leads to a large layer slidindinite tilts compare favorably with experiments and hence
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support our assumption. We discuss below the details of thi
interactions and the dissipations in the two sets of model:
that we study.

(A) Model with minimal dissipatiorin our first study we
consider disks that repel via a hard-core-like potential
V() (F;l=[ri—rl, fi={x,y;}), and are subjected to
the external gravitational field described Wyr;). The sys-

tem is therefore described by a total potential

V=V(|Fj;|) +V(r;) [4], where

V(IF ) = — 6 1 |7 o \®
(|rij|)_m —exgal1-—= - o te

V(rj))=magy . () 100

We sete=2.9697x 10 % kg m/$, a=55 (strong repulsive
cord, m=4.4x10 % kg, ando=2r, wherer=10"3m is

the radius of each uncompressed grain. The second equatic
above describes the gravitational potential energy of eacl
grain,y; being the height of the grainwith respect to some L
chosen zero of the potential energy.

We include energy dissipation in our analysis of mo#lel
[4]. The dissipation enters through the dynamics of those
grains that collide with the walls of the box and lose a frac-
tion 7 of their kinetic energie$4]. In this form of dissipa-
tion, the energy is lost slowly in time when compared to the
typical time scale of granular motion. The slow energy loss
prevents the system from melting and eventually freezes it ir
a disordered state. We denote the dissipation forces b

K(n,Fi) in the equations of motion for the grains in model
A. Therefore,

T T T

<

mFi=—(Vi[; V([P +V(r) +A(77,Fi)}- 2
We ignore the effects of restitution in modal We shall
return to the role of restitution in avalanche dynamics when
we consider modeB below, which will possess a more re-
alistic form of V(|F;|).

We integrate the system of equations in E8). using a
“velocity Verlet algorithm” [6]. Due to the short interaction

range of the potential and the significant influence of gravitytimZ'SG(i'nlﬁilingPaViog %ffz(;)szz Saii%“niltzo‘)ff ;ﬂoage(?fe(fget
f . f . : To= V. . =
on the grains, we find that a very small integration time SteDtext); (b) we assum®(s)—a+ b/(5—s,)” for larges. Here, for a

At~10"7 sec, is necessary for dynamical studies. The sys-. . ;
t is ti int ted tvpicall 1 t h tilt given O, a is a constant anth depends on time. The data show
em is time integrated typically up to,,~1 sec at each tilt. D(s) decays asg—s,) " at ©=14°; (¢) D(s) at O ,,=17° at
We have studied the process of onset of avalanches for twg_, Jand att=t,,.
cases of EQ.3). One with =0.95 and the other with e e
7=0.50. Our results are summarized below. ) . o

We note that at finite tilts, the surface of a grain pile "€ behavior oD(s) versuss at® = 14° is shown in Fig.
resembles a rugged terrain, i.e., a highly aperiodic surfacé(®. In this simulation we chosg=0.95. Figure {a) sug-
Let s denote the distance traveled by a grain at somedtilt gests that at short enough times after the pile has been tilted,
and letD(s) describe the number of grains that traget the surface layer 'gends to e_stabllsh_ registry with _the layer
that tilt. We expect that at large D(s) will decay ins. The below by undergoing collective motion of the grains over

profile of the surface suggests that we should search for afmall length scales. This explains the large peab(s) at
algebraic decay iD(s), say of the form So at short times. The magnitude gf increases somewhat in

time and is a function 0®. It may be noted that very similar

D(s)~s™ 7, >0, s>r. 3
From our simulations, we find that ak8® <@, 7~2. It
becomes progressively difficult to accurately estimafie®m

the simulations fo® <6°.

observations were made by Bradtzal. [5].

As ®—0,,,, the system grains at the surface undergo
larger length scale motion to release the excess potential en-
ergy they have gained during the incremental tilt. This in
turn results in less motion at small length scales and signifi-
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cant motion at larger length scales at late tirfeigs. 1a)

0.007

and Xb)]. D(S) versuss is shown in a log-log plot in Fig. 0 =17 400°°

Q
1(b) and yields a slope of bo 00000°°

e} (o]
7=21+02, <0 (@) os | 00000000000
T e Ye = Yaval- :
After the tilt is adiabatically raised by several degrees, it W 0=14 reth
turns out that we reach® ,,,=17°. We found that at short e MAMMAMAAAaagA%A‘
times 7 continues to be at the same value as before. How- ~ 0003 |7 8sead Ve ® ¢ o8
ever, upon waiting sufficiently long, a layer sliding event A -
commences at some tinhg,,. Fort>t,,, 7suffers a cross-
over to a slope 0.001 ! L L
0.00 0.05 0.10 0.15 . 0.20
7=1.45+t0.11, O=0 4, (>tya- (5)

time(sec)

The properties oD (s) described above were found in all the
2D systems we studied, which can be described under modg|
A.

FIG. 2. Plot of roughnes®V(t) vst at ®=8, 14 and and at
ava=17°. The open circles indicate the development of a minima

taval .

at
The range over which we found the scaling behavior de-

scribed above is small. To extend the rangesiwithout  yioq of time (rather than instantaneous datave conclude
considering larger systems we probed a model A system Witfhat the avalanche commences after 0.05 sec and before
7=0.5. The smaller; in this study allowed for more motion ¢ 975 sec. We shall show below that similar conclusions are
of the surface grains and hence for an improved range acroggached with different potentials and dissipation mecha-
which the scaling behavior of could be seen. In this study pisms.

we found an exponent=1.98+0.06 att<t,, and a (B) Modeling the role of restitutionA standard way to
7=1.48+0.08 immediately after the commencement of themqodel a granular system is by using the Hertzian contact law
avalanche. Our simulations suggest that for sufficiently highn which two particlesi and j interact only if they are in

O (typically, ®>6° or sg in systems with small dissipation contact in the manner described bel#. If 7| is the
(such as energy dissipation that occurs slowly through thgjistance between the centers of nearest neighbor particles,

walls), 7~2 for @ <@, and thatr~1.5 when®=0.a.  then the force on particle exerted by particlg is given as
Since the avalanche occurs a characteristic time after th

system is raised t® ,,,;, we hypothesized that the roughness
W of the system is minimized at sontg and thatt\,<t,ya
i.e., the time in which ,,, commences &b ,,,. We charac-
terized the dynamically evolving roughness of the system vi

Eij=Fn'ijﬁ+ FsijS. Heren is the component of the force
along the line joining the centers of the two nearest neighbor
grains and is orthogonal ton. We neglect the shear com-
‘,Ponent of the force, i.eFs;;. The presence of this term
introduces static fictionE,, ;; is responsible for velocity de-

N’ pendent dissipation and is included in our study. Thus, we
w(t)=2, (h(Fi .0 — (N7, ()  consider
i=1
with Fn,iﬁ: j(j2>i) kn(o'_|rij|)3lzﬁ_; Fij,diss _m@_/{(ﬂfi)-
h—lfAdt’lNz/h* t' 7 o
{ >_A o N & (i), @ k,=0 if o<|F};|, where the first term on the right hand side

is the Hertzian repulsion due to the deformation of the grains
whereh(r; ,t) is the height of a grain at location and at  [7]. The constark, is set to 16 N/m*2. The second term on
tir:net Witg\ res]E)ect to thﬁ balse of tﬂe ngII?Nd (~900)f iSh the right in Eq.(10) is the velocity dependent friction. We
the number of grains that lie in the “bulk” region of the : PO
grain pile, i.e., which are unaffected by the boundar{&s. shall assume a simple form fdf; qiss given as
above is constructed by averaging over the grain positions in . ym o
10 distinct “snapshots” of the system taken across uni- |fij’dissj=n7|([Fi—Fj]-ﬁ)|, (10
formly spaced time intervals over a time windaw

We expect that wherem is the mass of each grain, ang, is a damping

dW(t)/dt=0, d2W(t)/dt>>0, (8)  constant. We have studied modglfor y,=0 and find that
our results forr are identical to those from modal. vy, can
at some time,y at ®,,,, i.€., at timety,, the surface pos- be approximately related to the coefficient of restitution
sesses the minimum roughness. The tigg at which the  (0<e<1) via the relatior{ 8]
avalanche commences should then equal or should be

slightly larger thant,, . Our results are consistent with this Yn=—1In €/ JrZ+in? e. (17
expectation. We find that/(t) reaches a minimum between
t~0.05 sec and 0.075 sdsee Fig. 2 at 0=0,,=17°.  In our study we chose an effective coefficient of restitution

From Fig. 2, which represents data accumulated over a pef 0.75.
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0 .,a=18 deg in modeB. We also find that crosses over to
7=1.48+0.06 att~t,,, at ®,,,=18 deg[Fig. 3b)].

It is instructive to do some simple analysis to understand
the crossover behavior inas an avalanche commendés.
Let us consider a staircase of blocks that can topple upon the
slightest perturbation. Ldt be the linear dimension of the
system and(s,L) be the probability that adding a block at
random causes topplings (distance unit 1) before a new
stable configuration is reached. Also, on average, one block
leaves a pile as a result of adding a block. In this critical
state, adding a grain results in structural rearrangements at
least of the order of system sizkayer flow). Let us further
assume that in this critical state, the average number of top-
plings undergone by a labeled grain before it leaves the sys-
tem, a global quantity, equals the average number of top-
plings caused per added grain, a local quantity. Let this
number bes,,. In the critical state, it is reasonable to assume
thats,,~L. Then the first moment dd(s,L),

L

M,= >, sD(s,L)=kL,
s=0

k>0. (12

If we let L—o, thenM;— . If we suppose thaD(s,») in
this disordered system has an algebraic tail, i.e.,

D(s,0)—1/s1"2 (13

for larges, then

Indeed, mean field theory calculations show that3/2[10],
which is exactly what our calculations on the model system
give for 7 when layer sliding begins. Whevl ; <o, 7=2.0.

This leads to

D(s,L)~1/st*3  a>1 (15)

0.002

0.00 0.05 0.10

time(sec)

0.15 0.20

for large s, consistent with our findings and those in the
experiments iff5].

Given that the gravitational field plays a dominant role in
dictating the system dynamics and that the grains interact
only upon contact it is not surprising that our results for 2D
systems are consistent with the available experimental data
on monodisperse 3D grain piles. Finally, based upon our
calculations, we predict that the time of onset of an ava-
lanchet,,, in adiabatically tilted grain piles is bounded from
below by the time at which the surface of the grainpile is at
its smoothest.

FIG. 3. (a) Plot of D(s) vs s (in units of 2.0) at ®=17° in
model B; (b) D(s) at ®,,,=18° using modeB. Note that dissi-
pation plays no significant role & ,,,; (c) W(t) versust at
®=17° and at®,,,=18 deg.

We find that for modeB at ® <0 ,,,, the dynamics of
the system is very different compared to that at
0.a— ®—0. The value ofr at a high but subcritical angle
of ®@=17°, for example, is 350.2, which far exceeds
7~2 found at a comparable subcritical angle in modi¢see
Fig. 3@]. Our calculations show=1.96+ 0.05 att<t,, at
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